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Abstract The scattering of spinning test particles by a Schwarzschild black
hole is studied. The motion is described according to the Mathisson-Papa-
petrou-Dixon model for extended bodies in a given gravitational background
field. The equatorial plane is taken as the orbital plane, the spin vector
being orthogonal to it with constant magnitude. The equations of motion
are solved analytically in closed form to first-order in spin and the solution
is used to compute corrections to the standard geodesic scattering angle as
well as capture cross section by the black hole.
PACS 04.20.Cv
1 Introduction
After the discovery of the gravitational waves in 2015 [1] a new window in
gravitational physics was opened, looking for any suitable astrophysical sit-
uation which could lead to the detection of new events. Binary systems in
this sense play a central role. Indeed, the first detection has concerned a bi-
nary black hole system, whose evolution has been followed along all inspiral-
coalescing-merging-plunging phases. Another promising situation is that of
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2hyperbolic encounters or scattering by two black holes. This problem is, in
principle, as interesting as the previous one, but its description is more com-
plicated. For example, an almost circularized binary system emits gravita-
tional waves at the frequency of its orbital motion and hence has its spectrum
very compact around that value. The spectrum associated with a hyperbolic
scattering of two black holes, instead, covers a large range of frequencies, and
the theoretical predictions in terms of observed flux have not been developed
much beyond the pioneering works of the 70’s [2,3], so that most of the exist-
ing analysis belongs to lowest-order Post-Newtonian approximation [4] and
numerical relativity [5,6,7,8,9]. Semi-analytical methods, like the Effective-
One-Body formalism, are trying to fill the gap, but no results beyond the
3PN approximation level have been shown in the literature up to now [10,
11,12,13].
We study here the problem of scattering of a spinning test particle by
a Schwarzschild black hole according to the Mathisson-Papapetrou-Dixon
(MPD) model [14,15,16], in comparison with the well known case of spinless
particles moving along hyperbolic-like geodesic orbits. The equatorial plane
is chosen as the orbital plane, implying that the spin vector is orthogonal
to it with constant magnitude, as a consequence of the MPD equations.
Taking advantage of the condition of “small spin” implicit in the MPD model
to avoid backreaction effects on the background metric as well as of the
existence of conserved quantities related to Killing symmetries, we are able
to analytically solve the equations of motion in terms of Elliptic integrals.
We compute the corrections to first-order in spin to the scattering angle, i.e.,
the most natural gauge-invariant and physical observable associated with
the scattering process. Using a conical-like parametrization for the radial
motion we express the scattering angle in terms of eccentricity and (inverse)
semi-latus rectum, the latter parameters being in a 1-1 correspondence with
the two other natural variables: energy and angular momentum (which are
also gauge invariant variables). We also determine the modification due to
spin to the capture cross section by the black hole. Finally, we compare the
nongeodesic motion of a spinning particle discussed here with the companion
situation of geodesic motion of a spinless particle orbiting a slowly rotating
Kerr black hole in the weak field limit and discuss some reciprocity relations.
We will use geometrical units and conventionally assume that Greek in-
dices run from 0 to 3, whereas Latin indices run from 1 to 3.
2 Equatorial plane motion in a Schwarzschild spacetime
The motion of a spinning test particle in a given gravitational background is
described by the MPD equations [14,15,16]
DPµ
dτ
= −1
2
Rµναβ U
ν Sαβ ≡ Fµ(spin) , (1)
DSµν
dτ
= 2P [µUν] , (2)
where Pµ ≡ muµ (with u · u ≡ uµuµ = −1) is the total 4-momentum of
the body with mass m and unit direction uµ, Sµν is the (antisymmetric)
3spin tensor, and Uµ = dxµ/dτ is the timelike unit 4-velocity vector tangent
to the body “center-of-mass line,” parametrized by the proper time τ (with
parametric equations xµ = xµ(τ)), used to make the multipole reduction.
In order to ensure that the model is mathematically self-consistent, the
reference world line in the object should be specified by imposing some addi-
tional conditions. Here we shall use the Tulczyjew-Dixon conditions [16,17],
which read
Sµνuν = 0 . (3)
With this choice, the spin tensor can be fully represented by a spatial vector
(with respect to u),
S(u)α =
1
2
η(u)αβγS
βγ , (4)
where η(u)αβγ = ηµαβγu
µ is the spatial unit volume 3-form (with respect
to u) built from the unit volume 4-form ηαβγδ =
√−g ǫαβγδ, with ǫαβγδ
(ǫ0123 = 1) being the Levi-Civita alternating symbol and g the determinant
of the metric.
It is also useful to introduce the signed magnitude s of the spin vector
s2 = S(u)βS(u)β =
1
2
SµνS
µν , (5)
which is a constant of motion. Implicit in the MPD model is the condition
that the length scale |s|/m naturally associated with the spin should be
very small compared to the one associated with the background curvature
(say M), in order to neglect back reaction effects, namely |sˆ| ≡ |s|/mM ≪
1. Introducing this smallness condition from the very beginning leads to a
simplified set of linearized differential equations around the geodesic motion.
In fact, the total 4-momentum P of the particle is aligned with U in this
limit, i.e., Pµ = mUµ+O(2), the mass m of the particle remaining constant
along the path. Furthermore, Eq. (2) becomes DSµν/dτ = O(2), implying
that the spin vector is parallely transported along U .
Let us consider a spinning test particle moving in a Schwarzschild space-
time, whose metric written in standard spherical-like coordinates (t, r, θ, φ)
is
ds2 = −N2dt2 +N−2dr2 + r2(sin2 θdθ2 + dφ2) , (6)
where N = (1 − 2M/r)1/2 denotes the “lapse” function. We introduce a
family of fiducial observers, the static observers with 4-velocity
n = N−1∂t , (7)
equipped with an adapted triad
erˆ = N∂r , eθˆ =
1
r
∂θ , eφˆ =
1
r sin θ
∂φ . (8)
We will limit our analysis to the case of equatorial motion, i.e., θ = π/2 is the
orbital plane and hence Uθ = 0. As a convention, the physical (orthonormal)
component along −∂θ which is perpendicular to the equatorial plane will be
referred to as “along the positive z-axis” and will be indicated by the index
zˆ, when convenient: ezˆ = −eθˆ. From the evolution equations for the spin
4tensor it follows that the spin vector has a single nonvanishing and constant
component along θ (or z), namely
S(U) = S θˆeθˆ = s ezˆ , S
θˆ = −s . (9)
Let us decompose the 4-velocity U of the spinning particle with respect
to the static observers
U = γ(U, n)[n+ ν(U, n)] , ν(U, n) ≡ ν(U, n)rˆerˆ + ν(U, n)φˆeφˆ , (10)
where γ(U, n) = 1/
√
1− ||ν(U, n)||2 is the associated Lorentz factor. Here-
after we will use the abbreviated notation γ(U, n) ≡ γ and ν(U, n)aˆ ≡ νaˆ.
The relation with the coordinate components of U is
U t ≡ dt
dτ
=
γ
N
, U r ≡ dr
dτ
= γNν rˆ , Uφ ≡ dφ
dτ
=
γνφˆ
r
. (11)
The spin force turns out to be
F(spin) =
3mM2
r3
sˆγ2νφˆ[ν rˆn+ erˆ] . (12)
The equations of motion (1) then imply
dν rˆ
dτ
=
N2 − 1
2rγN
+ γ(νφˆ)2
3N2 − 1
2rN
− 3
2
Msˆ
N2 − 1
γr2
νφˆ[1 + γ2(νφˆ)2] ,
dνφˆ
dτ
= − 1
2r2N
γν rˆνφˆ
[
r(3N2 − 1)− 3MsˆN(N2 − 1)νφˆ
]
. (13)
In order to solve these equations we take advantage of the existence of con-
served quantities along the motion in stationary and axisymmetric spacetimes
endowed with Killing symmetries, i.e., the energy E and the total angular
momentum J associated with the timelike Killing vector ξ = ∂t and the
azimuthal Killing vector η = ∂φ, respectively. They are given by
E = −ξαPα + 1
2
Sαβ∇βξα ,
J = ηαP
α − 1
2
Sαβ∇βηα , (14)
where ∇βξα = gt[α,β] and ∇βηα = gφ[α,β]. We then find
Eˆ = Nγ
[
1 + sˆ
M2
r2N
νφˆ
]
, Jˆ =
r
M
γ
[
νφˆ + sˆN
M
r
]
, (15)
where Eˆ ≡ E/m and Jˆ ≡ J/mM are dimensionless. Eq. (15) thus provide
two algebraic relations for the frame components ν rˆ and νφˆ of the linear
5velocity, which once inserted in Eq. (11) finally yield
dt
dτ
=
Eˆ
N2
− M
3Jˆ
N2r3
sˆ ,(
dr
dτ
)2
= Eˆ2 −N2
(
1 +
Jˆ2
r2
)
+
2M2EˆJˆ(r − 3M)
r3
sˆ ,
dφ
dτ
=
MJˆ
r2
− MEˆ
r2
sˆ , (16)
to first-order in spin.
3 The scattering angle: spin corrections to the standard geodesic
value
For the orbit of the spinning particle we assume a conical-like representation
of the radial variable, i.e.,
r =
Mp
1 + e cosχ
, (17)
where both the semi-latus rectum p and the eccentricity e ≥ 0 are dimen-
sionless parameters [18]. Bound orbits have 0 ≤ e < 1 and 0 < Eˆ < 1
and oscillate between a minimum radius r(per) (periastron, χ = 0) and a
maximum radius r(apo) (apastron, χ = π)
r(per) =
Mp
1 + e
, r(apo) =
Mp
1− e , (18)
corresponding to the extremal points of the radial motion, i.e.,
dr
dτ
∣∣∣
r=r(per)
= 0 =
dr
dτ
∣∣∣
r=r(apo)
. (19)
These conditions can be used to express Eˆ and Jˆ in terms of (p, e) as follows
Eˆ = Eˆ0 + sˆEˆsˆ =
√
(p− 2)2 − 4e2
p(p− 3− e2) − sˆ
(1− e2)2
2p(p− 3− e2)3/2 , (20)
Jˆ = Jˆ0 + sˆJˆsˆ =
p
(p− 3− e2)1/2 + sˆ
(2p− 9− 3e2)
√
(p− 2)2 − 4e2
2p1/2(p− 3− e2)3/2 .
In this paper we are interested in unbound (hyperbolic-like) orbits, i.e.,
with eccentricity e > 1 and energy parameter Eˆ > 1, starting far from the
hole at radial infinity, reaching a minimum approach distance r(per), and
then coming back to radial infinity, corresponding to χ ∈ [−χ(max), χ(max)],
χ(max) = arccos(−1/e) (see Eq. (17)). It is well known that Eqs. (18)–(20)
can be formally used also in this case, but they imply that the apoastron does
not exist anymore, in the sense that it corresponds to a negative value of the
6radial variable. The radial equation can then be converted into an equation
for χ
M
dχ
dτ
= u2pJˆ0(1 + e cosχ)
2
√
1− 6up − 2upe cosχ
×
[
1 +
1
2
u2pEˆ0Jˆ0sˆ
3 + 2e cosχ− e2
1− 6up − 2upe cosχ
]
, (21)
to first order in sˆ, so that the azimuthal equation finally becomes
dφ
dχ
=
1√
1− 6up − 2eup cosχ
− sˆ Eˆ0up(e cosχ+ 3)
Jˆ0(1− 6up − 2eup cosχ)3/2
, (22)
where up = 1/p. The solution of this equation can be obtained analytically
in terms of Elliptic functions as
φ(χ) = φ0(χ) + sˆφsˆ(χ) , (23)
where
φ0(χ) =
κ√
eup
[
K(κ)− F
(
cos
χ
2
, κ
)]
,
φsˆ(χ) =
Eˆ0
2Jˆ0
{
φ0(χ)− κ√
eup(1− 6up − 2eup)
[
E(κ)− E
(
cos
χ
2
, κ
)]
− κ
2 sinχ
(1− 6up − 2upe)(1 − 6up − 2upe cosχ)1/2
}
, (24)
with φ(0) = 0 and
κ = 2
√
eup
1− 6up + 2eup . (25)
Here K(k) and F (sinϕ, k) and E(k) and E(sinϕ, k) are the complete and
incomplete elliptic integrals of the first kind and of the second kind defined
by
K(k) =
∫ pi
2
0
dx√
1− k2 sin2 x
, F (sinϕ, k) =
∫ ϕ
0
dx√
1− k2 sin2 x
, (26)
and
E(k) =
∫ pi
2
0
√
1− k2 sin2 x dx , E(sinϕ, k) =
∫ ϕ
0
√
1− k2 sin2 x dx ,
(27)
respectively.
Unbound orbits which are not captured by the black hole start at an
infinite radius at the azimuthal angle φ = φ(−χ(max)), the radius decreases
to its periastron value at φ = 0 and then returns back to infinite value at
φ = φ(χ(max)), undergoing a total increment of∆φ = φ(χ(max))−φ(−χ(max)).
This scattering process is symmetric with respect to the minimum approach
(χ = 0) in the case of a spinless particle, for which φ0(−χ(max)) = −φ0(χ(max)),
7so that ∆φ = 2φ(χ(max)), and the deflection angle from the original direction
of the orbit is δ0(up, e) = 2φ0(χ(max))− π, i.e.,
δ0(up, e) =
2κ√
eup
[
K (κ)− F
(√
e− 1
2e
, κ
)]
− π . (28)
This feature maintains also in the case of spinning particles, for which
δ(up, e, sˆ) = δ0(up, e) + sˆδsˆ(up, e) , (29)
with
δsˆ(up, e) = 2φsˆ(χ(max)) =
Eˆ0
Jˆ0
κ√
eup
{
K (κ)− F
(√
e− 1
2e
, κ
)
− 1
1− 6up − 2eup
[
E(κ)− E
(√
e− 1
2e
, κ
)
+ κ
√
up(e2 − 1)
e(1− 4up)
]}
.
(30)
Figure 1 (a) shows a typical hyperbolic-like orbit of a spinning particle
with spin aligned along the positive z-axis and in the opposite direction
compared with the corresponding geodesic orbit of a spinless particle. The
orbital parameters are chosen as p = 20 and e = 1.5, implying that the
distance of minimum approach is r(per) = 8M . The trajectory of the spinning
particle thus depends on the same parameters p and e as in the spinless case.
Once these parameters have been fixed, orbits with different values of sˆ have
the same closest approach distance, but different values of energy and angular
momentum. On the contrary, setting a pair of values of (Eˆ, Jˆ) leads to a shift
of the periastron due to spin, as shown below.
3.1 Periastron shift
A different (equivalent) parametrization of the orbit can be adopted in terms
of energy Eˆ and angular momentum Jˆ instead of p and e. In this case the
periastron distance depends on sˆ, and can be determined from the turning
points for radial motion. The equation of the orbit can be written as follows
in terms of the dimensionless inverse radial variable u = M/r
(
du
dφ
)2
=
2
Jˆ
(Jˆ − Eˆsˆ)
[
u3 − 1
2Jˆ
(Jˆ + Eˆsˆ)u2 +
1
Jˆ3
(Jˆ + 3Eˆsˆ)u
+
1
2Jˆ3
(Eˆ2 − 1)(Jˆ + 3Eˆsˆ)
]
≡ 2
Jˆ
(Jˆ − Eˆsˆ)(u− u1)(u− u2)(u − u3) . (31)
8Fig. 1 The hyperbolic-like orbits of a spinning test particle with sˆ = ±0.2 are
shown in the r-φ plane for the choice of parameters p = 20 and e = 1.5 in com-
parison with the geodesic of a spinless particle (sˆ = 0). The values of both energy
and angular momentum per unit mass are different depending on sˆ, whereas the
minimum approach distance r(per) = 8M is the same for all cases. The deflection
angle is δ ≈ 2.59122 (i.e., 148.46608 deg) for sˆ = 0, δ ≈ 2.65601 (i.e., 152.17820
deg) for sˆ = −0.2, and δ ≈ 2.52643 (i.e., 144.75397 deg) for sˆ = 0.2.
For hyperbolic orbits we have u1 < 0 < u ≤ u2 < u3, with u2 corresponding
to the closest approach distance, i.e., r(per) = M/u2 [18]. In the geodesic case
(sˆ = 0) these roots are given by
u1 (0) =
1
6
[
1− e−ipi/3X − eipi/3
(
1− 12
Jˆ2
)
1
X
]
,
u2 (0) =
1
6
[
1− eipi/3X − e−ipi/3
(
1− 12
Jˆ2
)
1
X
]
,
u3 (0) =
1
6
[
1 +X +
(
1− 12
Jˆ2
)
1
X
]
, (32)
where
X =
1
Jˆ
[
Jˆ
(
Jˆ2 − 54Eˆ2 + 36
)
+ 6i
√
3
√
∆(0)
]1/3
, (33)
When the discriminant
∆(0) = (Eˆ
2 − 1)Jˆ4 − (27Eˆ4 − 36Eˆ2 + 8)Jˆ2 − 16 (34)
is positive, the roots are all real, which is the case under consideration here.
To first-order in spin, the corrections to the geodesic values are
u1 = u1 (0) −
Eˆ
2Jˆ3
3(Eˆ2 − 1) + u1 (0)(6− u1 (0)Jˆ2)
(u1 (0) − u3 (0))(u1 (0) − u2 (0))
sˆ ,
9u2 = u2 (0) −
Eˆ
2Jˆ3
3(Eˆ2 − 1) + u2 (0)(6− u2 (0)Jˆ2)
(u2 (0) − u1 (0))(u2 (0) − u3 (0))
sˆ ,
u3 = u3 (0) −
Eˆ
2Jˆ3
3(Eˆ2 − 1) + u3 (0)(6− u3 (0)Jˆ2)
(u3 (0) − u1 (0))(u3 (0) − u2 (0))
sˆ , (35)
satisfying the properties
u1 + u2 + u3 =
1
2
(
1 +
Eˆ
Jˆ
sˆ
)
. (36)
Note that u2 and u3 can be obtained from u1 simply by replacing indices
cyclically. Eq. (31) then yields
dφ
du
= ± 1√
2
(
1 +
Eˆ
2Jˆ
sˆ
)
1√
(u − u1)(u2 − u)(u3 − u)
, (37)
where the ± sign should be chosen properly during the whole scattering pro-
cess, depending on the choice of initial conditions. For instance, by choosing
φ(u2) = 0 at periastron, integration between u2 and u gives
φ(u) = ∓
√
2√
u3 − u1
(
1 +
Eˆ
2Jˆ
sˆ
)
[K(m)− F (α(u),m)] , (38)
where
m =
√
u2 − u1
u3 − u1 , α(u) =
√
u− u1
u2 − u1 . (39)
The deflection angle is then
δ(Eˆ, Jˆ, sˆ) =
2
√
2√
u3 − u1
(
1 +
Eˆ
2Jˆ
sˆ
)
[K(m)− F (α(0),m)]− π . (40)
A typical orbit using this parametrization is shown in Fig. 2 (a). The two
branches (upper +, lower −) join at the periastron on the horizontal axis.
In Fig. 2 (b), instead, initial conditions are such that all trajectories start
from a common spacetime point far from the hole (u = 0, φ(0) = φ−), and
complete their scattering process with different minimum approach distances
r(per) = M/u2 at φ = φ(u2) depending on the value of the spin parameter.
3.2 Capture cross section
The condition for capture by the black hole is u2 = u3, i.e., the cubic at the
right hand side of Eq. (31) has a double root, corresponding to the vanishing
of the discriminant [19,20,21]. Solving for Jˆ then yields the critical value of
the dimensionless angular momentum for capture
Jˆ2crit = Jˆ
2
crit (0)
[
1 +
2sˆ
Jˆcrit (0)Eˆ(9Eˆ2 − 8)
(
3Eˆ2 − 2− 8
Jˆ2crit (0)
)]
, (41)
10
(a) (b)
Fig. 2 The hyperbolic-like orbits of a spinning test particle with sˆ = ±0.2 are
shown in the r-φ plane for the choice of parameters Eˆ ≈ 1.03334 and Jˆ ≈ 5.20756
for two different sets of initial conditions. The reference geodesic is the same as in
Fig. 1. In panel (a) the orbital equation (37) has been integrated starting from the
periastron r(per) = M/u2 located at φ(u2) = 0 for every value of sˆ. The deflection
angle is δ ≈ 2.59122 (i.e., 148.46608 deg) for sˆ = 0, δ ≈ 2.45760 (i.e., 140.80996 deg)
for sˆ = −0.2, and δ ≈ 2.70531 (i.e., 155.00262 deg) for sˆ = 0.2. In panel (b), instead,
the initial conditions have been chosen in such a way that all trajectories start
from a common spacetime point far from the hole (u = 0, φ(0) ≈ −2.86621). The
periastron is at u2 ≈ 0.11520 (i.e., r(per) ≈ 8.68044M) and φ(u2) ≈ −0.06687 for
sˆ = −0.2, u2 = 0.125 (i.e., r(per) = 8M) and φ(u2) = 0 for sˆ = 0 and u2 ≈ 0.13400
(i.e., r(per) ≈ 7.46247M) and φ(u2) ≈ 0.05704 for sˆ = 0.2.
where
Jˆ2crit (0) =
27Eˆ4 − 36Eˆ2 + 8 + Eˆ(9Eˆ2 − 8)3/2
2Eˆ2 − 1 . (42)
The associated cross section is thus given by
σcapt = πb
2
crit , bcrit = M
Jˆcrit√
Eˆ2 − 1
, (43)
where bcrit is the critical impact parameter. In the ultrarelativistic limit (Eˆ ≫
1) the first order correction in spin to the capture cross section is thus given
by
σcapt
∣∣
u.r.
= 27πM2
[
1 +
2
3Eˆ2
(
1 +
√
3
9
sˆ
)
+O
(
1
Eˆ4
)]
, (44)
whereas for low energies (β2 ≡ E2 − 1≪ 1)
σcapt
∣∣
n.r.
= 16πM2
1
β2
(
1 +
1
4
sˆ
)
+O(β0) . (45)
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4 Discussion
Most of the existing studies on spinning particle motion in a Schwarzschild
spacetime concern either circular or eccentric orbits or even deviations due
to spin from a reference orbit which is a circular geodesic (i.e., quasi-circular
orbits) [22,23,24,25,26,27,28,29,30,31]. These results are useful when taking
into account backreaction effects to the background metric, going beyond the
test particle approximation by using, e.g., self-force techniques [32]. Further-
more, it has been shown in Ref. [33] that the conservative effect on the orbital
dynamics in the extreme mass ratio limit is typically dominated by the spin
force (with respect to the conservative part of the local self-force), whereas
the decay of the orbit is dominated by radiation reaction. As a consequence,
in the construction of the gravitational waveforms the contribution of the
spin-orbit coupling may be much more important for astrophysical systems
than that due to the self-force.
We have considered here hyperbolic-like orbits, extending previous re-
sults. The analytical solution of the orbit as well as observational effects like
the correction due to spin to the scattering angle and the shift of the peri-
astron may be useful for modeling spin effects in scattering processes in the
framework of perturbation theory. We briefly discuss below some reciprocity
relations concerning the companion problem of a particle without structure
moving along a hyperbolic-like geodesic in a slowly rotating Kerr spacetime.
Finally, we compare the effects due to the spin force with those of a drag
force studied elsewhere.
4.1 Comparison with the hyperbolic-like geodesic motion in a slowly
rotating Kerr spacetime
One can compare Eq. (22) governing the evolution of φ as a function of
χ during the scattering process in the case of spinning particle orbiting a
Schwarzschild black hole (in the small spin approximation) with the anal-
ogous equation valid for a spinless particle moving along a hyperbolic-like
geodesic orbit in a Kerr spacetime (in the approximation of small rotation).
To first-order in the rotation parameter aˆ = a/M the dimensionless en-
ergy and angular momentum are given by
Eˆ = Eˆ0 − aˆ (1− e
2)2
p(p− 3− e2)3/2 ,
Jˆ = Jˆ0 − aˆ
(3 + e2)
√
(p− 2)2 − 4e2
p1/2(p− 3− e2)3/2 , (46)
whereas the orbital equation reads
dφ
dχ
∣∣∣
kerr, geo
=
1√
1− 6up − 2eup cosχ
− 4aˆ Eˆ0up
Jˆ0
1
(1− 6up − 2eup cosχ)3/2(1 − 2up − 2eup cosχ)
.
(47)
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In the weak field limit (i.e., up ≪ 1) the two equations of the orbit of a
spinless (geodesic) particle in a Kerr background and a spinning particle in
a Schwarzschild spacetime become
dφ
dχ
∣∣∣
kerr, geo
− dφ
dχ
∣∣∣
schw, geo
= −4aˆu3/2p +O(u5/2p ) ,
dφ
dχ
∣∣∣
schw, spin
− dφ
dχ
∣∣∣
schw, geo
= −(3 + e cosχ)sˆu3/2p +O(u5/2p ) , (48)
respectively, where
dφ
dχ
∣∣∣
schw, geo
= 1 + (e cosχ+ 3)up +
3
2
(e cosχ+ 3)2u2p +O(u
3
p) . (49)
It then follows that to the leading order in up (i.e., neglecting also corrections
due to eccentricity) the two equations are mapped one into the other simply
by replacing 3sˆ→ 4aˆ, or equivalently
3
2
sˆ → 2aˆ . (50)
Let us denote by m1 = m and S1 = s the mass and spin of the particle and
by m2 = M (m1 ≪ m2) and S2 = m2a those of the black hole. Restoring
then the mass factors, i.e., sˆ = S1/m1m2 and aˆ = S2/m
2
2, the above relation
becomes
3
2
S1
m1m2
→ 2 S2
m22
, (51)
that is
3
2
m2
m1
S1 → 2S2 . (52)
In the discussion of a two-body systems with spins [34], two new spin variables
are known to play a role, namely
S∗ =
m2
m1
S1 +
m1
m2
S2 , S = S1 + S2 . (53)
Here, from the Schwarzschild point of view S2 = 0 and the only surviving
spin variable is S∗ = (m2/m1)S1. Similarly, from the Kerr point of view
(where the considered particle is spinless and moves along a geodesic) the
only surviving spin variable is S = S2. This means that Eq. (52) can be cast
in the form
3
2
S∗ → 2S , (54)
in the approximation specified above in which these considerations hold. It
is now easy to recognize the gyrogravitomagnetic ratios introduced in Ref.
[35], i.e.,
gS∗ =
3
2
, gS = 2 , (55)
at their leading order values. Finally, Eq. (52) becomes
gS∗S∗ → gSS , (56)
as expected.
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4.2 Comparison of effects due to the spin force with those of a drag force
In a recent work [36] we have investigated the situation in which the particles
under consideration were (structureless) test particles, whose deviation from
geodesic motion was due to an (external) drag force F(drag), chosen so that
its components in the plane of motion are proportional to the corresponding
components of the 4-velocity itself, i.e., F r(drag) ∝ U r and Fφ(drag) ∝ Uφ,
namely
F(drag) = F
t
(drag)∂t − λ
(
U r∂r + U
φ∂φ
)
, (57)
with λ a dimensionless constant modeling the physics of the dragging. This
is the case of particles interacting with accreting flows also in the presence
of external electromagnetic fields or plasma [37]. The temporal component
follows from the orthogonality condition of F(drag) and U , i.e., F(drag) ·U = 0,
leading to
F(drag) = −λγ
{[
(ν rˆ)2 + (νφˆ)2
]
n+ ν rˆerˆ + ν
φˆeφˆ
}
. (58)
This drag force acts on the orbital plane like a viscous force, so that is has dis-
sipative effects, leading to the loss of energy and angular momentum during
the scattering process. In contrast, the spin force (12) acts as a conservative
force, the total energy and angular momentum being constants of motion,
implying that the scattering process is perfectly symmetric with respect to
the minimum approach distance, as we have shown above. In both cases, as a
common feature particles are either scattered or captured by the black hole.
There also exist other kinds of dragging, like that leading to the well
known Poynting-Robertson effect [38], where the presence of a superposed
photon test field implies the existence of a critical radius at which the radia-
tion pressure balances the gravitational attraction, allowing rings of matter
to form (see, e.g., Refs. [39,40,41,42,43] for recent applications to different
backgrounds of astrophysical interest). The interplay between spin and radi-
ation forces has been discussed in Ref. [44] by analyzing the deviation from
circular geodesic motion. A temporal counterpart to the Poynting-Robertson
effect has been considered very recently in Ref. [45], where a distribution of
collisionless dust around the black hole is responsible for the drag instead of
the radiation field. In both cases the friction force has the form
Fα(drag) = −σP (U)αµT µνUν , (59)
where P (U) projects orthogonally to U and σ denotes the (constant) ef-
fective interaction cross section, built with either the stress-energy tensor
T µν = T µν(rad) associated with the photon field or that T
µν = T µν(dust) asso-
ciated with the dust field. The existence of equilibrium orbits may prevent
particles moving on a scattering orbit from either falling into the hole or
escaping to infinity.
In future works we will extend the above discussion to the more inter-
esting situation of a Kerr spacetime, where the rotation of the hole plays an
important role.
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